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Abstract. It is well known that the dimension of a weight space for a finite dimensional 
representation of a simple Lie algebra is given by Kostant's weight multiplicity formula. We 
address the question of how many terms in the alternation contribute to the multiplicity of 
the zero weight for certain, very special, highest weights. Specifically, we consider the case 
where the highest weight is equal to the sum of all simple roots. This weight is dominant 
only in Lie types A and B. We prove that in all such cases the number of contributing terms 
is a Fibonacci number. Combinatorial consequences of this fact are provided. 

1. Introduction 

Let G be a simple linear algebraic group over C, T a maximal algebraic torus in G of 
dimension r, and B, T C B C G, a choice of Borel subgroup. Then let q, f), and b denote 
the Lie algebras of G, T, and B respectively. We let $ denote the set of roots corresponding 
to (0, [)), and C $ is the set of positive roots with respect to b. Let A C $+ be the set 
of simple roots. The denote the set of integral and dominant integral weights by P{q) and 
P+{q) respectively. Let W = Normc(T)/T denote the Weyl group corresponding to G and 
T, and for any w G W, we let i{w) denote the length of w. 

A finite dimensional complex irreducible representation of q is equivalent to a highest 
weight representation with dominant integral highest weight A. We denote such a repre- 
sentation by L{\). To find the multiplicity of a weight /i in L{X), we use Kostant's weight 
multiplicity formula, [S]: 

(1.1) m(A, ^,)=J2 (-l)'^'^V(^(A + P) - (/i + P)), 

where p denotes Kostant's partition function and p = | X]ag$+ Recall that Kostant's 
partition function is the non-negative integer valued function, p, defined on [)*, by p{^) = 
number of ways ^ may be written as a non- negative integral sum of positive roots, for ^ G f)*. 
With the aim of describing the contributing terms of (11. ip we introduce the following. 

Definition 1.1. For X,fi dominant integral weights of g define the Weyl alternation set to 

be 

AiX, p) = {(T G W\ p{a{\ + p) - (/i + p)) > 0}. 
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Therefore, a G ^(A,/i) if and only if cr(A + p) — (/x + p) can be written as a nonnegative 
integral combination of positive roots. 

In [3j, we considered the adjoint representation of sl^+i = s[r+i(C), whose highest weight 
is the highest root, which is defined as the sum of the simple roots. In this case we proved: 

Theorem. If r > 1 and a is the highest root ofslr+i, then |^(a,0)| = Fr, where Fr denotes 
the r^^ Fibonacci number. 

In this note we specialize to S02r+i = S02r+i(C) and, in Section [21 prove: 

Theorem 1.1. // r > 2 and zui = J2a&A^ ^ fundamental weight of 502r+i, then 
\A{'cui,0)\ = Fr+i, where F^+i denotes the (r + 1)*'* Fibonacci number. 

This result gives rise to some combinatorial identities associated to a Cartan subalgebra 
of 502r+i, which we present in Section [31 The non-zero weights, p, of S02r+i are considered 
in Section [H from the same point of view. 

In Sections [3 and [HI we prove that the weight defined by the sum of the simple roots is 
not a dominant integral weight of the Lie algebras sp2r(C) (for r > 3), S02r (C) (for r > 4), 
G2, F4, Eq, Ef, and Eg, and hence does not correspond to finite-dimensional representation. 



Let r > 2, and let G = 5'02r+i(C) = {g E SL2r+i{C) : g^ = g ^} be the special orthogonal 
group of r2r + 1) X (2r + 1) matrices over C. Let q = S02r+i(C) = {X e M2r.+i(C) : X* = 
— X}, anqj f) = {diag[ai, . . . , a,-, 0, — a^, . . . , — ai]|ai, . . . , G C} be a fixed choice of Cartan 
subalgebra. For 1 < i < r, define the linear functionals : f) — t- C by ei{H) = ai, for any 
H = diag[ai, . . . , a^, 0, — a^, . . . , — cti] G t). 

For each 1 < i < r — 1, let aj = — Sj+i and let = ^r- Then the set of simple and 
positive roots are A = {ai, . . . , a^} and = {ei — ej, + ej : I < i < j < n} U {Si : 
I < i < r}, respectively. The fundamental weights are defined by tUj = ei + ■ ■ ■ + for 
1 < i < r — 1, and zUr = ^{si + 62 + ■ ■ ■ + Sr). Then observe that zui = ei = ai + ■ ■ ■ + ar, 
and p = {r — ^)ei + (r — |)£:2 + ■ ■ ■ + f^^r-i + l^r- Let (, ) denote the symmetric bilinear form 
on [)* corresponding to the trace form as in [2]. 

For 1 < i < r — 1, SaX^k) = ^a(k)^ where a is the transposition {i z + 1) G 5*^, and 
SaX^k) = £k provided k r and Sa^{er) = Sr- For any 1 < i < r, let Si := Sq.. Then the 
Weyl group, W, acts on [)* by signed permutations of 61,62, . . . ,er and is generated by the 
simple root reflections Si, . . . ,Sr- 

Proposition 2.1. Let a = Sj^Sjj ■ ■ ■ Sj^. G W , for some nonconsecutive integers 11,12, ■■■ ,ik 
between 2 and r. Then a{wi + p) — p = cci — X]j=i ^■^ nonnegative integral combination 
of positive roots. 



by definition, Si{aj) = aj — (a^a\ ^ <i ^r. Observe that (a,, aj) = 0, whenever 



diag[ai, . . . , a„] denotes a diagonal n x n matrix with entries ai, . . . , O; 



2. The zero weight space of S02r+i 



Proof. Recall that for any I < i, j < r, Si{ujj) = Wj—6ijaj, where 6, 




1 if 2 = j 
otherwise. 



Also, 
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i, j are nonconsecutive integers between 1 and r. Thus, given a = Sj^Sjj ■ ■ - Sij, G W, with 

ii, i2, . . . ,ik nonconsecutive integers between 2 and r, we have that 

a{zUi + p) - p = Si^Si^ ■ ■ ■ Si^ (roi + (tZ7i H Vzur))- p 

= 2zUi + ZU2 + \- TOr - (Oij H h ttj^,) - /? 

j=k 

i=i 

Now since Wi = ai + ■ ■ ■ + ar, notice tui — X]j=i "^jj ^ nonnegative integral combination 
of positive roots. □ 

Theorem 2.1. Let a G W . Then a G ^(ti7i, 0) if and only if a = Si^Si^ ■ ■ ■ Si^,, for some 
nonconsecutive integers ii, . . . ,ik between 2 and r. 

Proof. (^) Let cr G A{zui, 0), and proceed by induction on i{<7). If i{cr) = 0, then a = 1. If 
(T = Si, for some 1 < i < r, then Si{zui + p) — p = Si{2zui + ZU2 + ■ ■ ■ + Wj) — {wi + ■ — h Wr) 

'^'^ + r ' Ifi = l, then we get a contradiction to 

«! + ■ ■ ■ + Oi-i + Oi+i + ■ ■ ■ + ttr otherwise. 

cr G ^(ci7i,0). Thus a = Si, where 2 < i < r. If £{a) = 2, then a = SiSj for some distinct 
integers I < i, j < r. Clearly i,j ^ 1, else a ^ A{wx,^). Now notice 

SiS^[wi + p) - p = wi + p - ai - {aj - "^-'^ Qj) - p 

2(ai,aj) 
= - «i - + '—ai. 

\ai, ai j 

If i and j are consecutive integers between 2 and r, then j = i ± 1 and, in either case. 



— 1. Hence SiSj ^ ^(roi,0), a contradiction. Thus i and j are nonconsecutive 
integers between 2 and r. 

Now assume that for any a G ^(ti7i,0) with £(a) := n < k, there exist nonconsecutive 
integers ii, . . . ,in between 2 and r such that a = Sj^Sjj ■ ■ ■ Sj^. Let a G v4(ij7;^, 0), such that 
i{a) = k + 1. Hence there exist distinct integers ii,i2, ■ ■ ■ ,ik+i between 1 and r such that 
a = SjjSjj ■ ■ ■ Sjj.^-^. Let a = Sj^vr, where vr = ■ ■ ■ Sj^.^^, with ^(vr) = k. Since cr G A{zui, 0), 
we have that vr G ^(cui,0), and by induction hypothesis, i2,...,ik+i are nonconsecutive 
integers between 2 and r. By Proposition 12. n{zui + p) = zui + p — J2'jZ2^^ ^-nd hence 

j=k+i 

a{wi + p) - p = Si^TT{zui + p) - p = Si^{wi + p- ^ ai^) - p 
= tJ7i + p - ttii - 2^ [ai^ - -ttij - p 

j—2 [O^iijCXii) 



j=k+l j=k+l 



j=l j=2 (^h^^ii. 



Oil- 



Observe that if ii = 1, then a{zui + p) — p ^ ^(^1,0), a contradiction. Now suppose 
there exists 2 < j < r such that ij and ii are consecutive integers. Then (Q;j^,ajJ = — 1, 

3 



and hence the coefficient of is negative. Thus a ^ A{wi,Q), a contradiction. Therefore 
ii, «2, • • • , ik+i are nonconsecutive integers between 2 and r. 

(<^=) By Proposition 12. if cr = Si^Si^- ■ ■ Si^, G W^, for some nonconsecutive integers 
ii, . . . ,ik between 2 and r, then cr(?i7i + p) — p is a nonnegative integral combination of 
positive roots and hence a G A{vji, 0). □ 

Definition 2.1. The Fibonacci numbers are defined, in [7], by the recurrence relation Fi = 
F2 = 1, and Fn = F„_i + F„_2, for n>2. 

We now give the following: 

Proof of Theorem \l.l\ By Theorem 12. we know A{wi, 0) = {o" G W\a = Si^ - ■ ■ Si^,, 
for some nonconsecutive integers 2 < -ii, . . . , -ifc < r}. An induction argument shows that for 
any n > 1, the number of sequences consisting of nonconsecutive integers between 1 and n 
is given by F„+2- Thus |^(roi,0)| = F^+i. □ 

3. A g-ANALOG 

The g-analog of Kostant's partition function is the polynomial valued function, pg, defined 
on f)* by = co + cig + - ■ ■ + Ckq^, where Cj= number of ways to write ^ as a non-negative 
integral sum of exactly j positive roots, for ^ G [)*. The g-analog of Kostant's weight 
multiplicity formula is defined, in [6], as: 

^.(A, /i) = E (-l)'('^Va(^(A + P) - (/i + P)). 

It is known that the multiplicity of the zero weight in the representation L{wi) is equal to 
1, see [I]. In this section, we give a combinatorial proof of this fact, by proving the following. 

Theorem 3.1. Let r > 2 and let Wi = J2aeA^ ^ fundamental weight of so-ir+i- Then 
mg(tz7i,0) = g'^ 

Observe that the subset of positive roots of S02r+i used to write a{wi + p) — p, for any 
a G A{toi,0), is equal to the set of positive roots of sl^+i. Therefore, the following lemmas 
and propositions follow from Lemma 3.1 and Proposition 3.2 in [3]. 

Lemma 3.1. The cardinality of the sets {a G ^(tui, 0) : i{a) = k and a contains no Sj. factor] 
and {cr G A{wi,Q) : i{a) = k and a contains an Sr factor} are ) one? {^^^T ), respec- 

tively. Also max{i{a) : a G A^zuijO) and a contains no Sr factor} = [-^J and max{i{a) : 
cr G A{zui, 0) and a contains an Sr factor} = [-^J . 



Proposition 3.1. Let a G ^(roi,0). Then 

gi+^(o-)(^X _l_ q,^r-i-2^(o-) contains no Sr factor 

gi+^(o-)(^X _l_ qy-2~2i{u) ^ contains an Sr factor. 



Pg{a{wi + p) - p) 



Now can now prove the closed formula for the g-multiplicity of the zero weight in L[wi). 
Proof of Theorem \3.1[ Observe that 



crG^(roi,0) (Te^(roi,0) 
with no Sr factor with an Sr factor 



By Lemma [3. H Proposition 13 . 1 1 and Proposition 3.3 in [3] it follows that 

y: (-i)^(^v.(-(^i + p) - p) = E (-1)'= t " r ^) + 

crG^(roi,0) fc=0 ^ ^ 



with no Sr factor 



and 



i=l 



L— J 

o-ey4(roi,0) k=0 ^ ^ 

with an s,. factor 

r-1 

Therefore, mq{wi, 0) = (g + + ■ ■ ■ + g*""^ + g*") — (g + g^ + ■ ■ ■ + g^~^) = g^- □ 

Corollary 3.1. Let r > 2 anc? /ei zui = YlaeA'^ ^ fundamental weight of S02r+i- Then 
m{tai, 0) = 1. 

Proof. Follows directly from Theorem 13. since m{wi,0) = mq{wi,0)\q=i = 1. □ 



4. Non-zero weight spaces of so 



2r+l 



We now consider the non-zero dominant weights, /i, of S02r+i and compute the Weyl 
alternation sets A{vji,fj,). Throughout this section r > 2. 



Theorem 4.1. If fi E P+(502r+i) and 7^ 0, then A{zui, fi) 



{1} lffI = Wi 

otherwise. 



We begin by proving the following Propositions, from which Theorem 14.11 follows. 
Proposition 4.1. //cci = XlaeA '^^ a fundamental weight of S02r+i, then A{tiJi,uji) = {1}. 

Proof. Since voi = ai + ■ ■ ■ + ar, notice cr(tz7i + p) — p — tui is a non- negative integral sum of 
positive roots only if o-{zui+p)—p is. By Theorem 12. II we know a{zui+p) — p is a non-negative 
integral sum of positive roots if and only if cr = Si-^Si^ ' ' ' ^ik^ some nonconsecutive integers 
ii, . . . ,ik between 2 and r. Hence A{zui, tui) C A{vji, 0). Suppose that a G A{wi, wi) with 
1{(t) = k > 1, then there exist nonconsecutive integers ii, . . . ,ik between 2 and r such that 
c = Si-^Si^ ■ ■ ■ Si^. By Proposition 12.11 we have that a{vji + p) ~ p = wi — Yl!j=i '^ij- Then 
notice a{w + p) — p — Wi will not be a non-negative integral sum of positive roots, reaching 
a contradiction. Thus ^{a) = and a = 1. □ 

Proposition 4.2. Let fi G P+(s02r+i), and yU 7^ 0. Then there exists a & W such that 
p{a{zui + p) — p — fi) > if and only if p, = wi. 

Proof. (^) Let p, G P+(s02r+i) with /i 7^ 0, and assume a & W such that p{a{wi + p) — 
p — fi) > 0. By Proposition 3.1.20 in [2], we know that P+(s02r+i) consists of all weights 
/i = kiEi + k2e2 + ■ ■ ■ + k^Er, with ki > k2 > ■ ■ ■ > kr > 0. Here 2ki, and fcj — fcj are integers 
for all i,j. 



of ai in a{zui + p) — p — ^. Then ai = < 



Now observe that a{zui + p) — p — p = cr((r + j)ei + (r — |)£2 + (r — |)e3 + ■ — h l^r-i + 
£r) — {{r — ^)ei + (r — ^)e2 + ■ ■ ■ + l^r) — {kiSi + ■ ■ ■ + krEr)- Let ai denote the coefficient 

—i + l — ki if a{ei) = Si for 2 < i <r 
— 2r + i — fci if (t(£:i) = —£i for 2 < i < r 
1 — ki if cr(£:i) = £1 

— 2r — ki if 0"(£:i) = —£1. 
Since r > 2 ancil ai G N, we have that cr{ei) = ei and ai = 1 — ki. If fci = 0, then ki = 
for all 1 < i < r, and so /i = 0, a contradiction. Hence ki = 1. Since ki — kj & Z for all 2 and 
j, and since 1 = /^i > A;2 > ^3 > ■ ■ • > A;,. > 0, we have that /cj = or 1, for all 2 < i < r. We 
want to show that ki = for all 2 < i < r. It suffices to show k2 = 0. A simple computation 
—i + 2 — k2 if o-{e2) = for 3 < i < r 

— 2r + i + 1 — A;2 if 0"(e2) = —£i for 3 < i < r 
-/i;2 if a-(e2) = £2 

-2r + 3-/^2 if a{e2) = -£2- 
Since r > 2 and 02 G N, we have that cr{e2) = 62, and hence k2 = 0. Thus p = ei = Wi. 
(<^=) By Proposition I4.H we know ii p = Wi, then p{a{wi + p) — p — Wi) > when 
a = 1. □ 



shows that a2 



Theorem 4.2. If p E P(s02r+i), ^/^en m{zui, p) 



1 if p = or p E W ■ zui 
otherwise. 



Proof. Recall that given p G P(s02r+i), there exists w E W and ,^ G P_|.(s02r+i) such that 
''^(O = ^Iso recall that weight multiplicities are invariant under W (Propositions 

3.1.20, 3.2.27 in [2]). Thus it suffices to consider p G P+(s02r+i). Corollary 13.11 gives 
m{ce,0) = 1, while Theorem 14.11 implies m{wi,Wi) = 1 and m{wi,p) = 0, whenever p G 

P+(sO2.+l)\{0,Wi}. □ 

5. The classical Lie algebras sp2,. and so2r 

In this section we consider the classical Lie algebras sp2r(C) and S02r(C) and prove. 

Theorem 5.1. If q is the classical Lie algebra sp2r{'C) (with r > 3) ors02r(C) (with r > A) 
and A denotes a set of simple roots, then the weight YlaeA ^■^ '^^^ dominant integral 
weight of q. 

Proof. We follow the notation in |2]. In the case of sp2r = •Sp2r(C)) with r > 3, for each 
1 < i < r — 1, let aj = Ei — and let = 2er. Then the set of simple roots is 
A = {ai, . . . , ttr}. The fundamental weights are defined hj zui = ei -\ — ■ + e^, for 1 < z < r. 
Now notice ai + ■ — \- ar = Si + Sr = tui — Wr^i + Wj.. Thus, the weight defined by the sum 
of the simple roots is not a dominant weight of Sp2ri for r > 3. 

In the case S02r = S02r(C), with r > 4, for each 1 < z < r — 1, let ctj = £j — ^j+i and let 
ar = Er-i + Sr- Then the set of simple roots is A = {ai, . . . , a.^}. The fundamental weights 
are defined hy Wi = Si + ■■■ + Si ii 1 < i < r — 1, and tu^-i = \{ei + • • • + Sr-i — Sr) and 
Wr-i = ^{ei + - ■ ■ + er-i+er)- Now notice ai + ■ ■ ■ + ar = £1 + £^-1 = ^1 — l^r-2 + l^r-l + l^r- 



{0,1,2,3,...}. 
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Thus, the weight defined by the sum of the simple roots is not a dominant weight of S02r, 
for r > 4. □ 



6. Exceptional Lie algebras 
In this section we consider the exceptional simple Lie algebras over C and prove. 

Theorem 6.1. If q is an exceptional simple Lie algebra of type G2, F4, Eq, E-j, or Es and 
A denotes a set of simple roots, then the weight ^^.g^ a is not a dominant integral weight 
ofd- 

Proof. In each case we will describe, as in [5], the underlying vector space V and the root 
system $ as a subset of V. In each case the root system will be a subspace of some M*^ = 
{Yli=i '^i^i} y where {e, : 1 < i < A;} is the standard orthonormal basis and the Oj's are real 
numbers. 

The underlying vector space of the exceptional Lie algebra G2 is V = {v E (f , 61 + 62 + 
63) = 0}, and the root system is given by 

$ = {±(61-62), ±(62-63), ±(ei-e3)}U{±(2ei-e2-e3), ±(262-61-63), ±(263-61-62))}. 

The set of simple roots is A = {ai, 0^2}, where ai = 61 — 62 and 02 = — 26i ± 62 ± 63, and the 
fundamental weights, in terms of the simple roots, are Wi = 2ai + 0:2 and Z02 = 3ai + 02- 
Observe that ai ± 0^2 = —^1 + ^2, and hence not a dominant integral weight of G2. 

The underlying vector space of the exceptional Lie algebra -F4 is \^ = W^, and the root 
system is given by $ = {±6j ± 6j\i < j} U {±6j} U {|(±6i ± 62 ± 63 ± 64)}. The set of simple 
roots is A = {ai, 0:2, 6^3, a4}, where ai = |(6i — 62 — 63 — 64), 02 = 64, 03 = 63 — 64, and 
04 = 62 — 63. The fundamental weights, in terms of the simple roots, are 

zui = 2ai + 3ct2 ± 2a3 ± 0:4 
W2 = 3«i ± 60:2 ± 4q;3 ± 2a4 
■073 = 4a;i ± 8a2 + 60:3 ± 804 
-074 = 2ai ± 4q;2 ± 3^3 ± 2^4 

Observe that ai + a2 + + = Wi — zu^ + W4, and hence not a dominant integral weight 
of F4. 

The underlying vector space of the exceptional Lie algebra Eq is V = {v E M.^\{v,6q — 
67 >=< f , 67 ± 6s) = 0}, and the root system is given by $ = {±6i ± 6j\i < j < 5} U 
{| Si=i(~l)"^*'*^« G V\J2^=in{i) even}. The set of simple roots is A = {cti, a2, 03, 04, as, ag}, 
where ai = |(68 - 67 - 65 - 65 - 64 - 63 - 62 ± 61), ct2 = 62 ± 61, ^3 = 62 - 61, 04 = 63 - 62, 
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as = 64 — 63, and — — 64. The fundamental weights, in terms of the simple roots, are 



Wl — 


^(4q;i + 3a2 + Sccs + da^ + Aa5 + 2aQ) 


W2 — 


0L\ + I0L2 + 2q;3 + 3q;4 + la.^ + olq 


Wj, = 


-(5ai + 6a2 + lOas + 12q;4 + 80:5 + A^a^ 


'UJ4 = 


2q;i + 3q;2 + 4q;3 + 6q;4 + 4q;5 + 2q;6 


^5 = 


-(4q;i + 60:2 + 80:3 + 12q;4 + lOccs + Sae) 


ZUq = 


1 

-(2q;i + 3q;2 + 4q;3 + 6q;4 + Sets + 4a6) 
3 



Observe that ai + q;2 + 0:3 + 0:4 + 0:5 + cte = ^^i + — + Q-'e, ^-nd hence not a dominant 
integral weight of E^. 

The underlying vector space of the exceptional Lie algebra £^7 is K = {f G ]R^|(?,',e7 + 
Cs) = 0}, and the root system is given by $ = {itcj ± ej\i < j < 6} U {±(67 — eg)} U 

Si=i ^« G y\Y^i=i'n(i) even}. The set of simple roots is A = {«!, 02, «3, «4, <^5, <^6? Q^?}; 

where a\ = |(e8 — 67 — ee — 65 — 64 — 63 — 62 + ei), q;2 = 62 + ei, q;3 = 62 — ei, q;4 = 63 — 62, 
CK5 — 64 — 63, cce = 65 — 64, and — Cq — e^. The fundamental weights, in terms of the 
simple roots, are 



VJi = 


2ai + 2q;2 + 3q;3 + 4q;4 + 2>a^ + 2aQ + a^ 


W2 — 


-(4q;i + 7q;2 + 8q;3 + 12q;4 + Qccs + Gccg + 3q;7) 


UJS — 


3q;i + 4q;2 + 60:3 + 80:4 + 60:5 + 4q;6 + 2q;7 


ZU4 — 


4q;i + 6q;2 + 8q;3 + 12q;4 + Qcks + Gcce + 3q;7 


G75 = 


-(6q;i + 9a2 + 12a3 + 18«4 + ISas + lOag + 5q;7) 


Wq = 


2q;i + 3q;2 + 4q;3 + 6q;4 + ha^ + 4q;6 + 2a-j 


Wj — 


- (2q;i + 3q;2 + 4ci;3 + 6q;4 + Sets + 4q;6 + 3q;7) 



Observe that ai + 0:2 + ^3 + q;4 + cts + cte + Q;7 = roi + ^2 — ■^4 + ^7, and hence not a 
dominant integral weight of E'j. 

The underlying vector space of the exceptional Lie algebra £^7 is y = R^, and the root 
system is given by $ = {±6^ ± ej\i < j} U {| X]i=i(— l)"'^*^ej| X]i=i'^(0 even}. The set of 
simple roots is A = {ai, 0:2, Q;3, 0:4, as, cce, 0:7, ccg}, where a\ — |(68 — 67 — 66 — 65 — 64 — 63 — 
62 + 61), 0:2 = 62 + 61, 0:3 = 62 - 61, q;4 = 63 - 62, as = 64 - 63, tte = es - 64, 0:7 = 65 - 6s, 
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and as = 67 — cq. The fundamental weights, in terms of the simple roots, are 

zui = 4ai + 5^2 + 7^3 + 10^4 + 805 + Gag + 4a;7 + 2as 

tU2 = 5ai + 8a2 + lOa-s + 15a;4 + I2a5 + 9aQ + 6aj + Sag 

W3 = 7ai + 10a2 + 14a3 + 20^4 + 160:5 + 12aQ + 8aj + Aas 

W4 = lOai + 15a2 + 200:3 + 3O04 + 24o5 + ISog + I207 + Gog 

CC5 = 801 + 12o2 + I603 + 24o4 + 2O05 + 15o6 + IO07 + 508 

uiq = 601 + 9o2 + I203 + I8O4 + I505 + 1206 + 8O7 + 4o8 

= 4oi + 602 + 803 + I204 + IO05 + 806 + 607 + Sog 

tUs = 2oi + 302 + 4o3 + 6O4 + 5o5 + 4o6 + 3o7 + 208 

Observe that Oi + 02 + 03 + 04 + 05 + Og + 07 + Og = cj^i + 1x^2 — -074 + tug, and hence not 
a dominant integral weight of E^. □ 
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